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Q I . The form of the Red Sea makes it especially attractive for an attempt to provide a dynamical explanation of actual tides. It consists (see fig. I ) of a long basin extending approximately S. 30' E., connected a t its southern extremity by the narrow and shallow Strait of Bab-el-Mandeb through the Gulf of Aden with the Indian Ocean, and terminating a t its northern extremity in two narrow channels, the Gulfs of Suez and Akaba. In 1901 and 1904 R. A. Harris ( I ) attempted roughly to explain the tides of the Red Sea as consisting of a standing wave, maintained by the local astronomical forces, together with a progressive wave from the Indian Ocean ; the tides in the Gulfs of Suez and Akaba were explained as being mainly co-oscillations with the Red Sea. The assumption of a progressive wave in the Red Sea would, however, involve dissipation of energy by friction, but, as will be indicated later, since such dissipation is negligible, the assumption of a progressive wave is not tenable.
Harris's explanation was also given by H. Poincark (2) in 1910.
A. Blonde1 (3) in 1912, continuing Poincark's work, gave a dynamical discussion of the tides in the Red Sea. He applied dynamics by means of the Calculus of Variations and used the methods of Ritz indicated by Poincark, but he obtained no agreement between theory and observation. An error in sign in his work has, however, recently been detected by Mme. E. Chandon (4), who has published a set of revised results which are in fair agreement with actuality.
In I 91 9 A. Defant ( 5 ) gave a theoretical discussion of the spring tides of the Red Sea. The method was one of step-by-step integration, the differential equations of the longitudinal motion being replaced by difference-equations. The tidal motion was assumed to consist of two parts, a forced oscillation due to the astronomical forces with zero elevation near Perim and a co-oscillation with the Indian Ocean ; the co-oscillation had the same (or opposite) phase all along the sea and the same held for the forced oscillation, since Defant assumed that the astronomical forces were everywhere constant and equal to their value in the middle of the sea. He found that nearly half the tidal motion was due to the forced oscillation produced by the astronomical forces.
At the time when Defant wrote, the harmonic constants of tidal elevation were known only for Suez and Perim. He dealt with the average spring tide, the range of which is approximately z ( M , + rS2),
and his values for the spring ranges a t various stations were mainly those given by Harris. Now Harris's values are taken from the Admiralty Tide Tables, where they are called " spring rises," and it has been suggested that in all probability most of Defant's figures are inaccurate ( 6 ) , being somewhat too large. I n spite of this, however, he has secured agreement between theory and observation.
In 1925 F. Vercelli (7) published the results of an extensive observation of the tides of the Red Sea. The harmonic constants of tidal elevation were given for eleven stations distributed over the whole of the Red Sea, together with the harmonic analysis of the current in the Strait of Bab-el-Mandeb. Following this, Defant undertook a new computation relative to the theoretical tides, restricting himself in the Red Sea t o M , and K , (8) . The discussion in this second paper is considerably curtailed and little but the actual results are given ; these, however, are in fair agreement with observation. The conclusion which Defant draws is, however, in direct contradiction with that expressed in his previous paper. As a result of his second computation, he says that the tides in the Red Sea are essentially co-oscillations with those of the Gulf of Aden, the astronomical forces producing small modifications, mainly in the phase of the semi-diurnal tide. This contradiction has been commented on by R. Sterneck (9) who, from an examination of Vercelli's observations, came to the conclusion that the ratio of the amplitude of the forced motion to that of the co-oscillation is, for the greater part of the Red Sea, approximately I : 3 for M , and I : 4 for 8,. This communication ends with the suggestion that it is desirable for an attempt to be made a t a more exact numerical integration of the differential equations.
Blonde1 also considered the motion in the Red Sea to consist of a forced oscillation, together with a co-oscillation, but in connection with the forced oscillation he allowed for the variation of the astronomical forces along the sea. A general conclusion, which can be drawn from the fair agreement with observation of his results as revised by Mme. Chandon and those of Defant, is that friction does not play any appreciable r81e in the tidal motion of the Red Sea.
There still remains the fact, however, that in Defant's earlier paper agreement between theory and " observation " was obtained when the actual tide was somewhat overestimated. This suggests that in the Red Sea there exists an earth-tide which is by no means negligible, and in 1928 J. Proudman (10) pointed out how this earth-tide might be evaluated.
The present paper is an attempt to carry out the suggestions made in Proudman's paper ; it effects a recomputation of the semi-diurnal lunar tidal motion in the Red Sea, and examines the possibility of the existence of an earth-tide of amount capable of affecting appreciably the theoretical discussion of the M , tide.
It is found impossible in the sequel to obtain good agreement between theory and observation without the assumption of the existence of an earth-tide ; the discussion has been hampered somewhat on account of the possibility of small errors in the observational data, and in this connection the suggestion is put forward as to the desirability of obtaining the harmonic constants of tidal elevation a t frequent intervals along the Red Sea from long series of observations. There seems to be definite evidence of the existence of an earth-tide dependent on the local astronomical forces, but it is somewhat doubtful how far the values of the constants representing this dependence, which are derived in the sequel, are affected by the errors of observation. In a recent communication ( 1 1 ) R. Takahasi has brought forward evidence that the earth-tide a t a place is proportional to the water-tide there. This possibility is examined by means of the results of the present paper, but on account of the uncertainty of the observational data it is inadvisable to attempt to decide either for or against the statement.
A conclusion arrived at is, however, that such an earth-tide will not appreciably affect the discussion of the M , tide, and that its effect, if it exists, may vary with the locality so that a general effect, applicable to the whole of the Red Sea, is illusory.
It is further noted in the sequel that Blondel's calculations a s revised b y Mme. Chandon fail to secure agreement between theory and observation over the whole of the Red Sea ; in addition, Defant's results are examined and an explanation of the contradictory statements made by him is sought ; it is found that the ratio of forced oscillation to co-oscillation in the Red Sea is about 3 : 10 for the M , tide, and the question is raised as to the accuracy of Defant's two determinations. The additional symbols required will be explained in the text. A preliminary examination of the currents in the Red Sea shows that the motion is almost entirely longitudinal ; thus a t any point of the sea the current is assumed to be parallel to the medial line of the sea, the current transverse to this direction being negligible.
If now u denotes the mean value of the current a t any time over a section transverse to the medial line a t distance z measured along the medial line, u will be a function of z and t only. The equations representing the longitudinal motion of the water may be written (4. Methods of Treatmefat of the Fundamental Equations. 3 . The methods of treating the equations of the preceding section will now be given.
Medial lines are drawn down the Gulfs of Suez and Akaba to meet at the northerly extremity of the Red Sea ; the length of the medial line in the Gulf of Suez is 300 km., in the Gulf of Akaba 183 km., and in the Red Sea 1950 km. approximately. Starting a t the northerly extremity of the Red Sea, distances of 50 km. are set off along the medial line, and a t the points of division lines are drawn across the sea at right angles to the medial line ; the Red Sea is thus divided into thirty-nine sections (cf. fig. I ) . The Gulf of Suez is similarly divided up into six sections and the Gulf of Akaba into four ; in the latter case the length of each of the first three sections is 50 km., but that of the last is 33 km. Similar work can be performed for the motion in the Gulf of Suez. Starting a t the closed end, where Au = 0, and adding the various increments S(Au') and S(Au"), the values of Au' and Au" a t the different section-lines are obtained and a(cO -$)/az derived as above.
Method
The corresponding work for the Gulf of Akaba has not been effected on Method IZ.-The second method of treating the equations of 5 2 is less dependent on the accuracy of the data derived from observation ; on the other hand, as will be seen, it depends on an assumption relative to earth-tides, the truth of which is by no means established. Let the astronomical disturbing force per unit-mass be represented and, if the effect of the water-tides on the earth-tides may be neglected, assume that where h and k are numerical constants, possibly complex.
Two pairs of functions of x may now be constructed by numerical integration, 11, u1 and 5,; u,, which satisfy the following conditions and equations :--
The general complex solution of the equations ( 2 . 1 ) and (2.3) will
where 1 is another constant.
To apply this method to the Red Sea the same sections are used a8 
and replacing the equations (3.4) and (3.5) by difference-equations, it follows that [ (3.6) SC, ' = (UU; + F ' ) 6~/ g . Theoretically t'he harmonic constants of tidal elevation for any two places on the medial line will determine the two quantities h-72 and I, and as these constants are known for many stations in the Red Sea there should be a check on the assumptions which have been made. Points which arise in this connection will, however, be considered in the sequel. which may be written as provides a correction to be made to the value of 5 a t an observation station (usually near a coast) in order to obtain the corresponding value on the medial line.
Where necessary, therefore, the observed values of [ are corrected so that they refer to points on the medial line, the line joining an Table I ., those relating to Suez and Perim are taken from Schureman (13), those for the remaining stations from Vercelli (7) ; the phases are all referred to the meridian of Greenwich. The constants H, y for Suez and Perim, given in Table I ., may be taken t o be correct, being deduced from long series of observations. The constants for Massawa should come next in order of accuracy, since they are derived from a half-yearly series of observations. The chart, however, shows that Massawa lies in a shallow bay below a group of islands, so that here there is, in all probability, a local increase in the values of H and y (cf. (9) 
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em. given on the chart the depths a t various points along a section-line were determined and the depth was assumed to vary linearly between the observed depths, the area A was then evaluated as the sum of areas of trapeziums ; it was felt that any attempt to increase the accuracy of the determination would lead t o smrious results. Table V. gives the values of (ac/ae) ' and (a{/jaz)" a t the various sectionlines, allowing for the variation of the astronomical forces and for the change in the direction of the longitudinal motion along the medial line.
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The results are given to four figures for use in Method 11. + o.6983a = -, a : : } (7.13)
If the observations at the various stations and the corrections made to transfer them t o the medial line were equally trustworthy and the theory represented the motion to the same degree of exactitude throughout, the most plausible solution of the above equations would now be obtained.
It should be noted, however, that in the Gulf of Suez there exists a certain amount of transverse motion (I$. (7)) which may considerably influence the longitudinal motion there; further, on account of the small depth, friction may be important ; only fair agreement between theory and observation must therefore be expected in this Gulf. In addition, the actual conditions a t the northerly extremity of the Red Sea, a t the mixing point with the Gulfs of Suez and Akaba, are sornewhat indeterminate. For these reasons the subsequent discussion refers primarily to the Red Sea, though results are exhibited for the Gulf of Suez t o show that a reasonable approximation is obtained to the conditions observed there.
In the Red Sea the corrected values for Massawa are probably not representative of the longitudinal motion in the main basin, and further, the corrections applied to the observations at Jidda, Port Sudan, and Assab have appreciably altered these values so that the degree of accuracy of the corrected values is somewhat doubtful. Hence, in order to determine the values of a, b, c, d , only the equations ( 7 4 , (7.7), (7.11), (7.13) are used, which depend on the observations a t Shadwan, Koseir, Kamaran, and Perim, where the corrected values differ but little from the observed values.
The quantities 2 . 5 , -36.3 on the right-hand side of (7.13) can be considered as exact, but the quantities on the right-hand side of the remaining equations may be in error by i 1.5, say. No difficulty is, however, experienced in this connection, since on determining the most suitable values of a, b, c, d to satisfy (7.6 ), (7.7), (7.11), (7.13) on the assumption that the right-hand members are equally probable, almost complete agreement is secured for (7.13) .
The result obtained is a = -0.40, b = -0.14, c = 11.39, d = -46.86. (7.14)
Discussion of the Results from Methods I . and I I . 0 8. In the tables which follow, the phases are all referred to the meridian of Greenwich. In Table VIII . the values for the mean longitudinal current, obtained from Methods I. and II., are exhibited side by side for purposes of comparison, together with the values (D) given by Defant (8) . The values are given for section-lines 2 , 4 in the Gulf of Suez, 3, 6, 9, . . ., 39 and also 38.65 in the Red Sea. 
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The observed current at section-line 38.65 is u = 39.1 cm./seo.,
In The theoretical current at section-line 38.65, obtained by Method II., is in almost complete agreement with observation ; in Method I. Table VIII ., it is seen that good agreement exists.
Turning next to Table IX., the agreement between theory and observation in the Gulf of Suez is not good, but, as already stated, this may possibly be attributed to the existence here of transverse motion and of frictional influences.
For the Red Sea the determinations of the author and Defant both suggest that the observed elevation a t Massawa, when corrected to the medial line, is not representative of the longitudinal motion there. Apart from the results for this station, the mean error without regard to sign in amplitude is 1.5 em. in (G) and 3.6 em. in (D) ; in phase the mean error is 19O in (G) and 26" in (D). Further reference to Defant's values will, however, be made in the following section. Mme.
FIQ. 2 .
Chandon's results are in fair agreement, as regards amplitude, for the greater portion of the Red Sea, but agreement fails completely at Perim. Corresponding to the values of a, b in (7.14)) it follows that h -k = 1.42. .
.
(8.1)
Whether this value corresponds to a pure earth-tide proportional to the local astronomical forces, or whether it arises partly as a factor for elimination of errors of observation, is somewhat doubtful ; evidence will, however, be given in f 9 that this value is consistent with the data derived from observation ; it is not, however, in agreement with the value previously accepted (cj. Jeffreys (14)).
Reference has been made in f I to the fact that evidence has recently been put forward that the earth-tide at a place is proportional to the water-tide there ; an examination of this possibility can be made from the values of The effect of the tide-generating force on the values of a(5, -l,)"/ax -co)'/~z and a(5, -co)"/az given in Table VI XuppEementary Considerations. $ 9. It has been mentioned in $ I that contradictory statements appear in Defant's two papers as to how much of the tidal motion in the Red Sea can be accounted for as forced motion due to the local astronomical forces. Sterneck, from an examination of Vercelli's observations, came to the conclusion that the ratio of the forced oscillation to that of the co-oscillation with the Indian Ocean is, in t h e case of the M , tide, about I : 3.
By means of a method similar to that used by Sterneck, the theoretical tide obtained by Method 11 . is now split up into two parts, one having the phase of the tide-generating force in the middle of the Red Sea in the direction of the medial line (44" or 224" on Greenwich), the other that of the M , tide a t Aden (136" on Greenwich The agreement is poor in the Gulf of Suez but fair in the Red Sea, except for Massawa and near the nodal lines of the M , tide ; it may be noted that the value of H J H , for the theoretical tide a t the point on the medial line corresponding to Massawa is not exceptional, as is that obtained from the observed tide. Fig. 3 illustrates the variations of H , and H,, obtained from the theoretical tide, from Suez to Perim ; the full line corresponds to the co-oscillation and the broken line to the forced oscillation. The conclusion is drawn that, in the greater portion of the Red Sea, the ratio of forced oscillation to cooscillation is about I : 3.3, in agreement with Sterneck's conclusion from the observations.
The assumptions (3.3), on which Method 11. depends, are equivalent t o the assumption that the earth-tide effect is obtainable from the forced tide alone. Examining this statement by taking the forced tide derived from the corrected observations a t Shadwan, Koseir, Kamaran, and Perim, it is required to determine the most plausible values of a, b, c, d to satisfy the following equations, which are similar to (7.6), (7.71, (7.11), and (7.13). 
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These results diverge much more from the observational data than those exhibited by Defant. Bearing in mind, however, the statement this is equivalent to neglecting completely the effect of the tidegenerating force.
As regards amplitudes, Defant's results lie between the two sets of values (A) and (B). The conclusion seems to be that his determinations in the two papers ( 5 ) and (8) are inconsistent, and that in the latter paper the effect of the tide-generating force is considerably underestimated.
The supposition that the M , tidal motion of the Red Sea can be considered to consist of a forced oscillation, dependent on the local astronomical forces, together with a co-oscillation with the Indian Ocean is, it should be noted, somewhat conventional in that there is a certain lack of precision in the determination of these component motions. It is felt, however, that this lack of precision is incapable of seriously affecting the conclusions arrived a t in the present section.
